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Fixed Point Theorems using Absorbing Maps
In € — Chainable Fuzzy Metric Spaces

Syed Shahnawaz Ali *, Jainendra Jain *

Abstract— The introduction of notion of fuzzy sets by Zadeh [17] and the notion of fuzzy metric spaces by Kramosil and Michalek [9] has
led to the extensive development of the theory of fuzzy sets and its applications. Several concepts of analysis and topology have been
redefined and extended in fuzzy settings. The numerous applications of fuzzy metric spaces in applied sciences and engineering,
particularly in quantum particle physics has prompted many authors to extend the Banach’s Contraction Principle to fuzzy metric spaces
and prove fixed point and common fixed point theorems for fuzzy metric spaces. In this paper, we prove a common fixed point theorem for
six self mappings using the concept of absorbing maps in € — chainable fuzzy metric space introduced by Cho et al. [2].

Index Terms— Absorbing Maps, Common Fixed Point, € — Chainable Fuzzy Metric Space, Fuzzy Metric Space, Reciprocal Continuity,

Semi - Compatible Maps, Weak Compatibility

1 INTRODUCTION

HE notion of fuzzy sets was introduced by Zadeh [17] in

1965. Following this many authors have extensively de-

veloped the theory of fuzzy sets and its applications and
have redefined and extended several concepts of analysis and
topology in fuzzy settings. The idea of a fuzzy metric space
was introduced by Kramosil and Michalek [9] which was later
modified by George and Veeramani [5]. During the last few
decades many authors have established the existence of a lot
of fixed point theorems for fuzzy metric spaces, especially
Deng zi - ke [3], Erceg [4], George and Veeramani [5 & 6],
Grabiec [7], Kaleva and Seikkala [8], Kramosil and Michalek
[9], Schwizer and Skalar [14]. Singh and Jain [15] introduced
the notion of semi compatible maps in fuzzy metric space and
obtained common fixed point theorems for such spaces. Vasu-
ki [16], introduced the concept of R - weakly commuting
map and proved a fixed point theorem for fuzzy metric space
using this concept. Cho et al [2] introduced the concept of € —
chainable fuzzy metric space and obtained common fixed
point theorems for four weakly compatible mappings of & —
chainable fuzzy metric spaces. Ranadive et al [13], introduced
the concept of absorbing mappings in metric space and
proved a common fixed point theorem in this space. Moreover
they observed that the new notion of absorbing map is neither
a subclass of compatible maps nor a subclass of non-
compatible maps. Mishra et.al [10, 11 & 12] applied the notion
of absorbing maps in fuzzy metric spaces and proved a com-
mon fixed point theorem in these spaces. In this paper, we
prove a common fixed point theorem for six mappings using
absorbing maps with & — chainable fuzzy metric space. Our
paper extends the results of Cho and Jung [1]. For the sake of
completeness we recall some definitions and results in the
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next section.

2 PRELIMINARIES

DEFINITION 2.1: Let X be a non empty set. Then a function A
with domain X and value in [0, 1] is said to be a fuzzy set inX.
DEFINITION 2.2 A t—norm or more precisely triangular norm
* is a binary operation defined on [0,1] such that for
alla,b,c,d €0, 1], following conditions are satisfied:

1) ax1=1;

(2) a*b=b=xa;

(3) a*b<c*dwhenever a <cand b <d;

(4) ax(bxc)=(axb)* c
DEeFINITION 2.3: The 3 — tuple (X, M ,*) is called a fuzzy metric
space if X is an arbitrary non - empty set, * is a continuous
t—norm and M is a fuzzy set in X? X [0, ) satisfying the
following conditions, for all x,y,z € Xand s,t > 0:

(1) M (xy,0)> 0;

2) M &xyt)=1forallt>0,iff x=y;

B) MEyt=M(®yxt);

4) MEyt)* M(y,zs) <M Xzt+s),

(5) M (xy, .):[0,00) = [0,1] is continuous.
ExampLE 2.1: Let (X,d) be a metric space. Defineaxb =
min (a,b), and

t
MEYD = ey
induced by the metric d is often called the standard fuzzy
metric.
DEFINITION 2.4: A sequence {x,} in a fuzzy metric space
(X, M *) is said to be a Cauchy sequence if for each &€ > 0 and
t > 0, there exists n, € N such that
M (Xp, X, t) > 1 — eforall n,m > n,.

A sequence {X,}in a fuzzy metric space (X, M ) is said to be
convergent to x €X if there exists nmy € N such that
lim, , M (X,x,) > 1— € for all t>0&n= ny. A fuzzy
metric space (X, M,*) is said to be complete if every Cauchy
sequence in X converges to a point in X.

DEFINITION 2.5: A pair (A,B) of self mappings of a fuzzy met-
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ric space (X, M ,*) is said to be reciprocal continuous if there
exists a sequence {x,}in X such that

lim, _, , ABx, = Axand lim, _, , BAx, = Bx
whenever lim,_ ,Ax, =lim, ., Bx, = x for some x € X. If
A and B are both continuous then they are obviously recipro-
cally continuous but the converse is not necessarily true.
DEFINITION 2.6: Two self mappings A and B of a fuzzy metric
space (X, M ,x) are said to be weakly compatible if ABx = BAx
whenever Ax = Bx for somex € X.
DEFINITION 2.7: A pair (A,B) of self mappings of a fuzzy met-
ric space (X, M,*) is said to be semi-compatible if there exists a
sequence {x,} in X such that lim,_, ., ABx, = Bx whenever
lim, _, , Ax, = lim,_, , Bx, = x for somex € X.
DEFINITION 2.8: A finite sequence X =Xq,X;,**,X, =y in a
fuzzy metric space (X, M,*) is called € — chain from x to y if
there exists € > 0 such that M (x;,x;_;,t) >1— eforallt>0
and i=1,2,---,n.
A fuzzy metric space (X, M,*) is called & — chainable if there
exists an € — chain from x toy, for any x,y € X.
Lemvma 2.1: If for all xy €X, t>0 and 0<k<]1,
M (x,y,kt) = M (x,y,t), then x=y.
PROOF: Suppose that there exists 0 <k <1 such that
M (x,y,kt) = M (x,y,t) for all x,y €X andt>0. Then,
M xyt) =M (x,y,i), and so M (x,y,t) = M (x,y,kin) for
positive integer n. Taking limit asn — o, M (x,y,t) = 1 and
hencex =y.
LEMMA 2.2: M (X,y,.) is non decreasing for all x,y € X.
PrROOF: Suppose M (x,y,t) > M (x,y,s) for some0 <t <s.
Then M Ey,t)* M(yy,s—t) < M(xys) < MEyt).
Since M (y,y,s — t) = 1, therefore, M (x,y,t) < M (x,y,s) <
M (x,y,t), which is a contradiction. Thus, M (x,y,.) is non
decreasing for allx,y €X.
DEFINITION 2.9: For two self maps f and g on a fuzzy metric
space (X, M ,*), fis called g — absorbing if there exists a posi-

tive integer R > 0 such that M (gx,gfx,t) = M (gx, fx, é) for

all x € X. Similarly, g is called f — absorbing if there ex-
ists a positive integer R >0 such that M (fxfgxt) =

M (fx, gx, é) forallx € X.
ExampPLE 2.2 Let (X,d) be the usual metric space with
X = [2,20] and M be the usual fuzzy metric on a fuzzy metric
space (X, M ,*) defined by
t
MEyt)= ———
R o)
and M (x,y,0) =0 for allx,y € X,t> 0. Define

6, if2 <x <5 and x=6
10, if x>6
fx =
x—1
, if 5<x<6

2, if2 <x<5

gx = x+1

, if x>5

Then it can be easily verified that both (f,g) and (g,f) are not
compatible but f is g — absorbing and g is f — absorbing.

ExampLE 2.3: Let (X,d) be the usual metric space with
X =[0,1] and M be the usual fuzzy metric on a fuzzy metric
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space (X, M ,*) defined by

t
MOV T Sy

and M (x,y,0) =0 forallx,y €X,t> 0. Define f,g:X — Xby
fx = i and gx=1- g Then it can be easily verified that f

and g are compatible pair of maps and f is g— absorbing
while g is f — absorbing.
THEOREM 2.1: Let (X, M,*) be a complete € — chainable fuzzy
metric space and let A, B, S and T be self mappings of X satisfy-
ing the following conditions:
(1) AX c TXand BX c SX;
(2) Aand S are continuous;
(3) The pairs (A,S) and (B, T) are weakly compatible;
(4) There exists k €(0,1) such that M (Ax,Bykt) =
M (Sx, Ty, t) * M (Ax,Sx,t)
* M (By, Ty, t) * M (Ax,Ty,t) for all
x,y €Xandt> 0.
Then A, B,S and T have a unique common fixed point in X.
Proor: We can find a Cauchy sequence {y,}in X such that
Yan-1 = TXan-1 = AXpppand  y, = SXpy = Bxyyy  for
1,2,3,
From completeness, y, — z for some z € X, and so {Ax,,_,},
{Sxon}, {Bxsp-1} and {Tx,,_,} also converge to z. Since X is
€ — chainable, there exists an € — chain from x, to x4, that s,
there exists a finite sequence x,, = y4,¥,,**,y] = Xu41 such that
M (vi,Yi-,t) >1— € for allt >0 and i=1,2,---,1. Thus we
have

n=

t t
M(Xntxn+1't) = M (YLYZ:I)* M (yZ;Y3;I)*

t
* M (YI_I'YI'I)
>S(1-—e* (11— -+ (1—¢)
> (1- 9.

For m>n,

M (Xp, X, ) = M (xn,xn+1,
m

=)o =)
% X ,X ,—— k eee
—n n+1 n+2rn_r1

t
*M(xm_l,xm,m_n
>S(1-8*«A—-¢=* - (1—¢)

> (1-¢),

From (2), Ax,,-, — Ax and Sx,, — Sx. Since X is Hausdorff,
Ax =z = Sx. Because (A,S) is weakly compatible ASx = SAx
and so Az = Sz. From (2), ASx,, — ASx and so ASx,, — Sz. Al-
so, from continuity of S, SSx,, — Sz. From (4),
M (ASX,p, BXop_1,kt) = M (SSX5p, TXpp-1,t)
* M (ASXy,, SSXop, 1)
* M (BXZH—I'TXZH—lit)
* M (ASXZH'TXZH—I't)
Taking limitasn — oo,
M (Sz,z,kt) = M (Sz,z,t) * M (Sz,Sz,t) * M (z,z,t)
* M (Sz,z,t)
> M (Sz,z,t).
Thus Sz =z, and hence Az = Sz =z. Since AX c TX, there
exists v € X such that Tv = Az = z. From (4),
M (Ax,,, Bv,kt) = M (Sxp,, TV, t) * M (AX,p, SXop, t)
* M (Bv,Tv,t) * M (Axy,, Tv,t)
Lettingn — oo, we have
M (z,Bv,kt) = M (z,Tv,t) * M (z,z,t) * M (Bv,Tv,t)
* M (z,Tv,t)
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= M (z,7,t) * M (z,z,t) * M (Bv,zt)

* M (z,z,1)

> M (Bv,zt)
and so Bv =z and hence Tv = Bv = z. Since (B, T) is weakly
compatible,
TBv = BTv and hence Tz = Bz. From (4)
M (Ax,,, Bz, kt) = M (Sxup, Tz, t) ¥ M (AXyy,, SXop, t)

* M (Bz,Tz,t) * M (AX,p, Tz t)
Taking limitasn — oo,
M (z,Bz,kt) = M (z,Tz,t) * M (z,2,t) * M (Bz,Tz,t)

* M (z,Tz,t)
= M (z,Bz,t) * M (z,z,t) + M (Bz,Bz,t)
* M (z,Bz,t)
> M (z,Bz,t)
which implies that Bz=1z FromAz=Sz=z Tz=Bz

and Bz = z, it follows that A,B,S and T have a common fixed
point zinX.
For uniqueness, let w be another common fixed point
of A,B,Sand T. Then
M (z,w,kt) = M (Az, Bw, kt)

> M (Sz,Tw,t) * M (Az Sz t)

* M (Bw, Tw,t) * M (Az, Tw,t)

> M (z,w,t).

Thus z = w.
We now establish the following theorem.

3 MAIN THEOREM

THEOREM 3.1: Let A,B,S, T,P and Q be self mappings of a com-
plete € — chainable fuzzy metric space (X,M,*) with continu-
ous t — norm satisfying the conditions:

P(X) € ST(X),Q(X) S AB(X)

AB = BA,ST =TS,PB =BP,QT =TQ

Qis ST — absorbing

There exists k € (0,1), such that

M (Px,Qy, kt) >

min{M (ABx, STy, t), M (Px, ABx, t), % (.M (ABx,Qy,t) +

M (Px,STy, 1)), M(STy,Qy, t)}
for every x,y € Xand t > 0.If (P,AB) is reciprocally continu-

ous semi compatible maps, then A, B, S, T,P and Q have unique
common fixed point in X.

Ll

PROOF: Let x, € X then from (1) there exist x;,x, € X such that
Pxy, = STx; =y, and Qx; = ABx, = y;. In general we can find
a sequence {x,}and {y,}in X such that Px;, = STX;p41 = Yon
and QXyn41 = ABXypi2 = Vonyr for n=0,1,2,... Putting
X = Xyp42,Y = Xan41 for all t> 0 in condition (4) we have:

M(Y2n+1' YZn+2' kt) = M(PX2n+2' QX2n+1' kt)
{M(ABX2n+2' STX2n+1' t)' M(PX2n+2' ABX2n+2' t)'

1
= min E (M(ABX2n+2' QX2n+1' t) + M(PX2n+2' STX2n+1' t))'

M(STX2n+1' QX2n+1' t)}
{M(YZH+1'YZH' t)'M(YZn+2' YZn+1't)'

1
= min E(M(YZH+1'YZH+1't) + M(YZH+2!Y2n't))'
M(YZH'YZH+1't)}
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{M(YZH+1'YZH't)'M(YZn+2'YZn+1't)'
=>min 1
E (1 + M(YZH+2!Y2H't))'M(YZn'YZn+1't)}
{M(YZH+1'YZH't)'M(YZn+2'YZn+1't)'M(YZn+2'YZn't)'
M(YZH'YZH+1't)}
Hence/ M(YZH+1'Y2H+2'kt) = M(YZH+1!Y2n't)-

= min

Again, putting X = Xj,42,y = Xan43 for all t> 0 in condition
(4) we have:

M(YZH+2'Y2H+3' kt) = M(PX2n+2' QX2n+3' kt)
{M(ABX2n+2' STX2n+3' t)' M(PX2n+2' ABX2n+2' t)'

.1
= min E (M(ABX2n+2' QX2n+3' t) + M(PX2n+2' STX2n+3' t))'
M(STX2n+3' QX2n+3' t)}

1
2 min{M(YZn+1' YZn+2't)'M(YZn+2' YZn+1't)'§ (M(YZH+1' Yon+s, t)

+ M(YZH+2!Y2H+2't))'M(YZn+2'YZn+3't)}
= min{M(YZn+1'y:fn+2't)'M(YZn+2'YZn+1't)'
E(M(YZH+1'YZH+3't)
+ 1)'M(YZH+2'YZH+3't)}
{M(YZH+1'YZH+2't)'M(YZn+2'YZn+1't)'M(YZn+1'YZn+3't)'

M(YZH+Z'YZH+3't)}
Hence/ M(YZH+2'Y2H+3'kt) = M(YZH+1'Y2H+2't)'

> min

Therefore for all n, we have

M(YH'YH+1't) 2 M(YH'YH—I't/k) 2 M(YniYn—lit/kZ)
> ...

b= M(Yn‘Yn—lit/kn)
i.e.M (¥, Yns1,t) 2 1asn — oo,

for any t > 0. For each &€ > 0and eacht> 0, we can choose
ng € N such that M(y,,¥n+1,t) >1— € for alln> n,.
Form,n € N, we supposem = n. Then we have that

M(YniYm't) = M(YH'YH+1't/m—n) * M(Yn+1'}’n+z't/m—n)
¥ o Xk M(Ym—l'Ym't/m—n)
>A-e*(1—¢g)x -

> (1- 9.

*(1-9)

Hence {y,} is a Cauchy sequence in X; that is y, — z in X; so
its subsequences Px,,, STXjn4+1, ABX,,, QXzn4qalso converge
to z. Since X is € — chainable, there exists € — chain from x, to
Xp+1, that is there exists a finite sequence x, =y;,y,, -,y =
Xp41, such that

My, yi-,t) > (@A — g)forallt>0and i =1,2,:,1. Thus we
have

M(Xnixn+1't) > M(Y1:YZ:t/1) * M(YZ'Y3't/1) * e
* M(Yi—v)’i't/])

>S(1I-8*(1—-—g)*(1—g)*-x(1—¢)=>((1-2¢), and
so {x,}is a Cauchy sequence in X and hence there exists z € X
such thatx, — z. Since the pair of (P,AB) is reciprocal contin-
uous; we have lim, ., , P (AB)x,, = Pz and
lim, , o, AB (P)x,, —» ABz and the semi compatibility of (P,AB)
gives lim, , ., AB (P)x,, = ABz, therefore Pz = ABz. We claim
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Pz = ABz = z.

STEP I: Putting x =z and y = X,,,, in condition (4) we have
M(PZ' QX2n+1' kt) 1

> min{M (ABz, STxX,,41,t), M'(Pz, ABz,t), 3 (M(ABZ, QXyn41,0)
+ M(PZ' STX2n+1' t))' M(STX2n+1' QX2n+1' t)}

Letting n — oo we have

M (Pz,z,kt) = min{M (Pz,z,t), M (Pz, Pz, t),% (M (Pz,2,t)
+ M(Pz,2,1)), M(z,2,t)}

> min{M (Pz,zt), M (Pz,Pz,t), M (Pzzt), M (2,2 1)}

i.e. M (Pzzkt) = M (Pzzt)

Therefore z = Pz = ABz.

STEP I3
have

M(P(BZ)' QX2n+1' kt)
{M (AB(Bz), STX,p41,t), M (P(Bz), AB(Bz), 1),

Putting x = Bz and y = x;,4, in condition (4) we

1
= min E (M(AB(BZ)' QX2n+1' t) + M(P(BZ)' STX2n+1' t))'
M(STX2n+1' QX2n+1' t)}

Since PB=BP,AB=BA so P (Bz)=B(Pz)=Bz
AB (Bz) = B (ABz) = Bz

and

Letting n — oo we have

M (Bz, z,kt)

> min{M (Bz, z,t), M (Bz, Bz, t),% (M (Bz,z,t)
+ M(Bz,z,t)), M(z,2,1)}
> min{M (Bz, z,t), M'(Bz, Bz, t), M'(Bz,z,t), M (z,z,t)}
i.e. M(Bz, z kt) = M (Bz,z1t)
Therefore, Az = Bz = Pz = z.

STeP III: Since P (X) € ST (X), there existsu € X such that
z = Pz = STu.

Putting x = X,,, ¥ = uin condition (4) we have

M (Px,p, Qu, kt)

1
> min{M (ABx,,, STu, t), M (Px,,, ABX,,, t), 3 (M(ABXZH, Qu,t)
+ M (PXyy, STu,t)), M (STu, Qu, t)}

Letting n — oo we have

M(z,Qu, kt) = min{M (z,z,1), M (z,z, t)'% (M (= Qu0)
+ M(z,2,1)),M(z,Qu, 1)}

> min{M (z,z,t), M (z,z, t),% (M (z,Qu,t)
+ 1),M(z,Qu,t)}

> min{M (z,z,t), M (z,z,t), M(z,Qu,t), M(z Qu,t)}
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ie. M(z,Qu,kt) = M(zQu,t)

Therefore, z = Qu = STu.

Since Qis ST — absorbing, therefore

M (STu,STQu,kt) = M (STu,Qu,Y/p) =1

i.e. STu=STQu = z = STz

STEP IV: Putting x = x,,, y = z in condition (4) we have

M (PX,p, Qz, kt)

1
> min{M (ABx,,, STz, t), M (Px,,, ABX;,, t), 3 (M(ABXZH, Qz,t)
+ M (Pxyy, STz, 1)), M (STz, Qz, 1)}

Letting n — oo we have

M(z,Qz,kt) = min{M(z,7t), M (zz, t)é (M2 Q20
+ M(z,2,1)),M(z,Qz )}

> min{M (z,z,t), M (z,z, t),% (M(z,Qzt)
+ 1),M(z Qz t)}
> min{M (z,z,t), M (z,z,t), M (z,Qz,t), M (z,Qz,t)}

ie. M(z,Qzkt) = M(zQzt)
Therefore, z = Qz = STz
STEP V: Putting x = x,,,, y = Tz in condition (4) we have
M (Px,p, QTz, kt)
= min{M (ABx,,, ST(Tz), t), M (PX,,, ABx,,, t),% (M(ABXZH, QTz,t)
+ M (Pxyy, ST(T2), 1)), M (ST(Tz), QTz, 1)}
Since QT = TQ & ST = TS therefore

QTz =T(Qz) = Tz & ST(Tz) = T(STz) = Tz

Letting n — oo we have

M (z, Tz, kt) = min{M(z, Tz,t), M (z,z,t), % (M (z,Tz,t)
+ M(z,Tz, 1)), M(Tz, Tz, )}
> min{M (z, Tz,t), M (z,z,t), M (z, Tz, t), M (Tz, Tz t)}
ie. M(z Tz, kt) = M(z,Tzt)
Therefore, z =Tz = Sz = Qz.
Hence, z=Az=Bz=Pz=Sz=Qz =Tz

UNIQUENESS: Let w be another fixed point of A,B,P,S,Q&T.
Putting x = u,y = w in condition (4), we have

M (Pu, Qw, kt)

> min{M (ABu, STw, t), M'(Pu, ABu, t), % (.M (ABu, Qw, t)
+ M (Pu,STw,t)), M (STw,Qw, t)}

= min{M (u,w, t), M (u,u, t),% (M (u,w,t)

+ M(u,w, 1)), M(w,w,t)}
> min{M (u, w, t), M (u,u, t), M (u,w, t), M (w,w, t)}
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ie. M(u,w,kt) = M(u,w,t)

Hence, z = w.

4 CONCLUSION

In recent years fuzzy fixed point theory has drawn the atten-
tion of specialists in fixed point theory and has become their
area of interest because of the wide applications of Fuzzy set
theory and Fuzzy Fixed Point Theory in applied sciences and
engineering such as neural network theory, stability theory,
mathematical programming, modeling theory, medical scienc-
es (medical genetics, nervous system), image processing, con-
trol theory, communications etc. In this paper we have ex-
tended the results of Cho and Jung [1] and proved the exist-
ence and uniqueness of a common fixed point for six map-
pings using the concept of absorbing maps in & — chainable
fuzzy metric spaces.
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